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Let K be any ﬁeld, G be a ﬁnite group. Let G act on the rational
function ﬁeld K (xg : g ∈ G) by K -automorphisms deﬁned by h ·
xg = xhg for any g,h ∈ G . Denote by K (G) = K (xg : g ∈ G)G the
ﬁxed ﬁeld. Noether’s problem asks, under what situations, the ﬁxed
ﬁeld K (G) will be rational (= purely transcendental) over K .
Theorem. Let G be a ﬁnite group of order 32 with exponent e. If char K =
2 or K is any ﬁeld containing a primitive eth root of unity, then K (G) is
rational over K .
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let K be any ﬁeld, G be a ﬁnite group. Let G act on the rational function ﬁeld K (xg : g ∈ G)
by K -automorphisms deﬁned by h · xg = xhg for any g,h ∈ G . Denote by K (G) = K (xg : g ∈ G)G the
ﬁxed ﬁeld. Noether’s problem asks, under what situations, the ﬁxed ﬁeld K (G) is rational (= purely
transcendental) over K . Noether’s problem is a special case of the rationality problem in algebraic
geometry, Lüroth problem (“whether unirationality implies rationality”); it is related to the existence
of generic G-extensions of the ﬁeld K , which will guarantee an aﬃrmative answer to the inverse
Galois problem for the group G and the ﬁeld K (if K is an algebraic number ﬁeld). The answer to
Noether’s problem depends on the group G and also on the ﬁeld K . For a survey of Noether’s problem,
see Swan’s article [Sw].
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e (= lcm{ord(g): g ∈ G}), and let K be a ﬁeld containing a primitive eth root of unity. Then K (G) is rational
over K .
Note that the assumption of the existence of roots of unity in K is essential in the above theorem.
If the ﬁeld K does not contain enough roots of unity (in particular, when K = Q or any algebraic
number ﬁeld), Noether’s problem becomes very intricate even when G is an abelian group. The ﬁrst
counter-example to Noether’s problem was constructed by Swan [Sw]: Q(Zp) is not rational over Q
if p = 47, 117, or 233, etc. On the other hand, when the group G is non-abelian, the existence of
roots of unity in K does not guarantee an aﬃrmative answer to Noether’s problem. In fact, using
the unramiﬁed Brauer group as obstruction to rationality, Saltman was able to prove the following
interesting theorem.
Theorem 1.2. (See Saltman [Sa,Sh].) Let p be any prime number. There is a meta-abelian p-group G of order
p9 such that C(G) is not rational over C.
Bogomolov was able to improve the bound of the group order to p6.
Theorem 1.3. (See Bogomolov [Bo].) Let p be any prime number. There is a p-group G of order p6 such that
C(G) is not rational over C.
On the other hand, if G is a p-group of small order, it can be shown that C(G) is rational. Explicitly
we have the following result.
Theorem 1.4. (See [CK].) Let G be a p-group of order  p4 and with exponent e. If K is a ﬁeld satisfying (i)
char K = p > 0, or (ii) char K = p and K contains a primitive eth root of unity, then K (G) is rational over K .
The purpose of this article is to ﬁll in the “gap” between Theorems 1.3 and 1.4, i.e. to make sure
whether Bogomolov’s bound p6 in Theorem 1.3 is the best possible one in constructing counter-
examples to Noether’s problem. Our main result is the following.
Theorem 1.5. Let G be a group of order 32 with exponent e. If K is a ﬁeld satisfying (i) char K = 2, or
(ii) char K = 2 and K contains a primitive eth root of unity, then K (G) is rational over K .
If K does not contain enough roots of unity, the rationality of K (G) (when G is a non-abelian p-
group of order  p4) is investigated in [CHK,Ka2,Ka3]. Finally we will like to remark that Bogomolov
conjectured that C(G) was stably rational if G was a ﬁnite simple group. In a recent article Kunyavskii
shows that the unramiﬁed Brauer group of a ﬁnite simple group is trivial [Kun], which provides some
evidence that the answer to Bogomolov’s conjecture may be aﬃrmative.
This article will be organized as follows. In Section 2, we will recall several known results. The
groups of order 32 will be listed in Section 3. We will provide a faithful representation for some of
them also. Using results in Sections 2 and 3, Theorem 1.5 will be proved in Section 4.
The proof of Theorem 1.5 may be shortened at some price. For example, the group G (18; 2) in
Section 3 has a faithful representation of dimension 6, whose rationality is established in Part (E) in
Section 4. It is easy to see this group contains an abelian normal subgroup of index 2 in G . Thus we
may want to apply Haeuslein’s Theorem [Hae] to replace all the arguments in Part (E) in Section 4.
Note that the assumption in Haeuslein’s Theorem requires that ζ2e ∈ K where e is the exponent of
the group G , instead of the weaker assumption ζe ∈ K . This is the reason why we choose to ﬁnd a
separate proof for this group and will not quote [Hae].
Similarly, it is known that the ﬁxed ﬁeld of a three-dimensional monomial action is rational (see
the deﬁnition in [HK2] and in the last paragraph of this section), whose proof is lengthy and will be
published elsewhere (some crucial ideas of the proof are indicated in [Pr]). If we assume the validity
of this result, then the whole proof in Part (F) in Section 4 can be replaced by a single sentence.
However, a complete proof of the aforementioned result has not been published.
3024 H. Chu et al. / Journal of Algebra 320 (2008) 3022–3035Standing Notations. Throughout this article, K (x1, . . . , xn) or K (x, y) will be rational function ﬁelds
over K . ζ = ζn denotes a primitive nth root of unity. Whenever we write ζn ∈ K , it is understood that
either char K = 0 or char K > 0 with gcd{n, char K } = 1.
If G is a group and σ ,τ ∈ G , we will denote by σ τ the element τστ−1 ∈ G . A group G is called
metacyclic, if G can be generated by two elements σ and τ , and σ generates a normal subgroup of G .
Zn denotes the cyclic group of order n.
If G is a ﬁnite group acting on a rational function ﬁeld K (x1, . . . , xn) by K -automorphisms, the
actions of G are called purely monomial actions if, for any σ ∈ G , any 1 j  n, σ · x j =∏1in xaiji
where aij ∈ Z; similarly, the actions of G are called monomial actions if, for any σ ∈ G , any 1 j  n,
σ · x j = λ j(σ ) ·∏1in xaiji where aij ∈ Z and λ j(σ ) ∈ K \ {0}. All the groups in this article are ﬁnite
groups. For emphasis, recall the deﬁnition K (G) = K (xg : g ∈ G)G which was deﬁned in the ﬁrst
paragraph of this section.
2. Preliminaries
In this section we recall several results which will be used in the proof of Theorem 1.5.
Theorem 2.1. (See Kuniyoshi, 1955 [Ku,KP].) Let K be a ﬁeld with char K = p > 0 and G be a p-group. Then
K (G) is rational over K .
Theorem 2.2. (See [HK3, Theorem 1].) Let G be a ﬁnite group acting on L(x1, . . . , xn), the rational function
ﬁeld of n variables over a ﬁeld L. Suppose that
(i) for any σ ∈ G, σ(L) ⊂ L;
(ii) the restriction of the action of G to L is faithful;
(iii) for any σ ∈ G,
⎛
⎜⎜⎝
σ(x1)
σ (x2)
.
.
.
σ (xn)
⎞
⎟⎟⎠= A(σ ) ·
⎛
⎜⎜⎝
x1
x2
.
.
.
xn
⎞
⎟⎟⎠+ B(σ )
where A(σ ) ∈ GLn(L) and B(σ ) is an n × 1 matrix over L.
Then there exist elements z1, . . . , zn ∈ L(x1, . . . , xn) which are algebraically independent over L and
L(x1, . . . , xn) = L(z1, . . . , zn) so that σ(zi) = zi for any σ ∈ G , any 1 i  n.
Theorem2.3. (See [AHK, Theorem 3.1].) Let L be any ﬁeld, L(x) the rational function ﬁeld of one variable over L,
and G a ﬁnite group acting on L(x). Suppose that, for any σ ∈ G, σ(L) ⊂ L and σ(x) = aσ · x + bσ where
aσ ,bσ ∈ L and aσ = 0. Then L(x)G = LG( f ) for some polynomial f ∈ L[x]. In fact, if m = min{deg g(x) 
1: g(x) ∈ L[x]G}, any polynomial f ∈ L[x]G with deg f =m satisﬁes the property L(x)G = LG( f ).
Theorem 2.4. (See E. Noether, 1916 [AHK, Theorem 3.4].) Let K be any ﬁeld, K (x, y) the rational function ﬁeld
of two variables over K , and G any group acting on K (x, y) by K -automorphisms. Suppose that, for any σ ∈ G,
σ(x) = aσ x+ bσ y, σ(y) = cσ x+ dσ y where aσ ,bσ , cσ ,dσ ∈ K . Then K (x, y)G is rational over K .
Theorem 2.5. (See [Ka1].) Let G be a metacyclic p-group of exponent e, and K be a ﬁeld containing a primitive
eth root of unity. Then K (G) is rational over K .
Theorem 2.6. (See [KP, Theorem 1.9].) Let K be any ﬁeld, G1 and G2 be two ﬁnite groups. If both K (G1) and
K (G2) are rational over K , so is K (G1 × G2).
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actions. Then K (x, y)G is rational over K .
Theorem 2.8. (See [HK1,HK2,HR].) Let G be a ﬁnite group acting on the rational function ﬁeld K (x, y, z) by
purely monomial actions. Then K (x, y, z)G is rational over K .
Lemma 2.9. Let G be a ﬁnite p-group acting on the rational function ﬁeld K (x1, y1, x2 , y2) by K -
automorphisms. Assume that σ sends K ·xi +K · yi to itself for i = 1,2, for any σ ∈ G. Then K (x1, y1, x2, y2)G
is rational over K .
Proof. If the actions of G on K · xi + K · yi are irreducible, then they are monomial representations
by [Se, pp. 53 and 66], i.e. for any σ ∈ G , σ : x1 → 1xa11 yb11 , y1 → 2xc11 yd11 , x2 → 3xa22 yb22 , y2 →
4x
c2
2 y
d2
2 , where ai , bi , ci , di are non-negative integers satisfying that ai + bi = 1 and ci + di = 1 for
i = 1,2, and 1, 2, 3, 4 are non-zero elements in K and depend on σ and xi, yi .
If G is reducible on K · x1 + K · y1 or on K · x2 + K · y2, then the representations are also monomial
by the same way.
Deﬁne u1 = x1/y1, u2 = x2/y2. Then K (x1, y1, x2, y2) = K (u1,u2, x1, x2). Apply Theorem 2.3
to K (u1,u2, x1, x2). We ﬁnd that K (u1,u2, x1, x2)G = K (u1,u2, x1)G ( f ) for some polynomial
f ∈ K (u1,u2, x1)[x2]G . Similarly, we get K (u1,u2, x1)G = K (u1,u2)G(g) for some polynomial g ∈
K (u1,u2)[x1]G . Since K (u1,u2)G is rational by Theorem 2.7, we ﬁnd that K (u1,u2, x1, x2)G is also
rational. 
3. Groups of order 32
Groups of order 32 were classiﬁed by G.A. Miller (1896). See [BEO] for an authoritative account
about the story and the history of the classiﬁcation of small groups. A list of all ﬁnite groups of order
32 can be found in the book by M. Hall and Senior [HS]; it can be found in the computer algebra
system GAP also. There are 51 non-isomorphic groups of order 32 in total. In the following we will
list all these 51 groups. The index (1; 51) indicates the group is the ﬁrst group in the list of [HS]
and the 51st group in the list of GAP. Similarly (2; 45) is the second (respectively 45th) group in the
list of [HS] (respectively GAP). The group will be deﬁned by generators and relations. Note that our
descriptions by generators and relations are different from those in [HS] and in GAP. However, using
the SMALL GROUPS library in GAP, it is routine to determine to which group in GAP our description
(respectively that of [HS]) corresponds.
We will like to explain the reason why we choose different generating systems from those in
[HS] and GAP. In solving the rationality problem, we will start with some maximal abelian normal
subgroups. Thus a generating system in terms of involutions as given in [HS] will reveal no clue to us.
There are 51 non-isomorphic groups of order 32. For some of them, we will also exhibit a faithful
representation over a ﬁeld K containing a primitive eth root of unity where e is the exponent of the
group. The ﬁrst seven groups are abelian groups and are omitted. A list of non-abelian groups of order
32 is given as follows.
(8; 46) G = 〈σ ,τ ,λ,ρ: σ 4 = τ 2 = λ2 = ρ2 = 1, σ τ = σ−1, σλ = σρ = σ , τλ = τρ = τ , λρ = λ〉.
G is isomorphic to 〈σ ,τ 〉 × 〈λ〉 × 〈ρ〉 where 〈σ ,τ 〉 is isomorphic to the dihedral group of
order 8.
(9; 47) G = 〈σ ,τ ,λ,ρ: σ 4 = τ 2 = λ2 = ρ4 = 1, σ 2 = ρ2, σ τ = σλ = σ , σρ = σ−1, τλ = τρ = τ ,
λρ = λ〉.
G is isomorphic to 〈σ ,ρ〉 × 〈τ 〉 × 〈λ〉.
(10; 48) G = 〈σ ,τ ,λ,ρ: σ 4 = τ 2 = λ2 = ρ2 = 1, σ τ = σλ = σρ = σ , τλ = τ , τρ = σ 2τ , λρ = λ〉.
G is isomorphic to 〈σ ,τ ,ρ〉 × 〈λ〉.
(11; 22) G = 〈σ ,τ ,λ,ρ: σ 4 = τ 2 = λ2 = ρ2 = 1, σ τ = σλ = σ , σρ = στ , τλ = τρ = τ , λρ = λ〉.
G is isomorphic to 〈σ ,τ ,ρ〉 × 〈λ〉.
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G is isomorphic to 〈σ ,λ〉 × 〈τ 〉.
(13; 37) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ2 = 1, σ τ = σ , σλ = σ 5, τλ = τ 〉.
G is isomorphic to 〈σ ,λ〉 × 〈τ 〉.
(14; 25) G = 〈σ ,τ ,λ,ρ: σ 4 = τ 2 = λ2 = ρ2 = 1, σ τ = σλ = σρ = σ , τλ = τρ = τ , λρ = τλ〉.
G is isomorphic to 〈σ 〉 × 〈τ ,λ,ρ〉.
(15; 26) G = 〈σ ,τ ,λ: σ 4 = τ 4 = λ4 = 1, σ 2 = λ2, σ τ = σ , σλ = σ−1, τλ = τ 〉.
G is isomorphic to 〈σ ,λ〉 × 〈τ 〉.
(16; 24) G = 〈σ ,τ ,λ: σ 4 = τ 4 = λ2 = 1, σ τ = σλ = σ , τλ = σ 2τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎝
√−1 0
0
√−1 √−1 0
0
√−1
⎞
⎟⎠ , τ →
⎛
⎜⎝
√−1 0
0 −√−1
1 0
0 −1
⎞
⎟⎠ , λ →
⎛
⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎠ .
(17; 38) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ2 = 1, σ τ = σλ = σ , τλ = σ 4τ 〉.
A faithful representation of G is given by
σ →
(
ζ8 0
0 ζ8
)
, τ →
(
1 0
0 −1
)
, λ →
(
0 1
1 0
)
.
(18; 2) G = 〈σ ,τ ,λ: σ 4 = τ 2 = λ4 = 1, σ τ = σ , σλ = στ , τλ = τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎜⎜⎜⎜⎝
√−1 0
0 −√−1
1 0
0 −1
1 0
0 −1
⎞
⎟⎟⎟⎟⎟⎟⎠
, τ →
⎛
⎜⎜⎜⎜⎜⎜⎝
−1 0
0 −1
−1 0
0 −1
−1 0
0 −1
⎞
⎟⎟⎟⎟⎟⎟⎠
,
λ →
⎛
⎜⎜⎜⎜⎜⎜⎝
0 −1
1 0
0 −1
1 0
0 1
1 0
⎞
⎟⎟⎟⎟⎟⎟⎠
.
(19; 4) G = 〈σ ,τ : σ 8 = τ 4 = 1, σ τ = σ 5〉.
G is a metacyclic group.
(20; 5) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ2 = 1, σ τ = σ , σλ = στ , τλ = τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
ζ8 0
0 −ζ8
1 0
0 −1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
−1 0
0 −1
−1 0
0 −1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎠ .
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G is a metacyclic group.
(22; 17) G = 〈σ ,τ : σ 16 = τ 2 = 1, σ τ = σ 9〉.
G is a metacyclic group.
(23; 39) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ2 = 1, σ τ = σ , σλ = σ−1, τλ = τ 〉.
G is isomorphic to 〈σ ,λ〉 × 〈τ 〉.
(24; 40) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ2 = 1, σ τ = σ , σλ = σ 3, τλ = τ 〉.
G is isomorphic to 〈σ ,λ〉 × 〈τ 〉.
(25; 41) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ4 = 1, σ 4 = λ2, σ τ = σ , σλ = σ−1, τλ = τ 〉.
G is isomorphic to 〈σ ,λ〉 × 〈τ 〉.
(26; 42) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ2 = 1, σ τ = σ , σλ = σ 3, τλ = σ 4τ 〉.
A faithful representation of G is given by
σ →
(
ζ8 0
0 ζ 38
)
, τ →
(
1 0
0 −1
)
, λ →
(
0 1
1 0
)
.
(27; 9) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ2 = 1, σ τ = σ , σλ = σ 3τ , τλ = τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
ζ8 0
0 ζ 38
1 0
0 −1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
1 0
0 1
−1 0
0 −1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎠ .
(28; 10) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ4 = 1, σ 4 = λ2, σ τ = σ , σλ = σ 3τ , τλ = τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
ζ8 0
0 ζ−18
1 0
0 −1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
−1 0
0 −1
−1 0
0 −1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎝
0 −1
1 0
0 1
1 0
⎞
⎟⎠ .
(29; 14) G = 〈σ ,τ : σ 8 = τ 4 = 1, σ τ = σ−1〉.
G is a metacyclic group.
(30; 13) G = 〈σ ,τ : σ 8 = τ 4 = 1, σ τ = σ 3〉.
G is a metacyclic group.
(31; 11) G = 〈σ ,τ ,λ: σ 4 = τ 4 = λ2 = 1, σ τ = σ , σλ = σ−1, τλ = στ 〉.
A faithful representation of G is given by
σ →
(√−1 0
0 −√−1
)
, τ →
(
1 0
0
√−1
)
, λ →
(
0 1
1 0
)
.
(32; 15) G = 〈σ ,τ : σ 8 = τ 8 = 1, σ 4 = τ 4, σ τ = σ 3〉.
G is a metacyclic group.
(33; 27) G = 〈σ ,τ ,λ,ρ,ν: σ 2 = τ 2 = λ2 = ρ2 = ν2 = 1, σ τ = σλ = σρ = σ , σν = στ , τλ = τρ =
τ ν = τ , λρ = λ, λν = λρ , ρν = ρ〉.
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σ →
⎛
⎜⎜⎝
1 0
0 −1
1 0
0 1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
−1 0
0 −1
1 0
0 1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
1 0
0 1
1 0
0 −1
⎞
⎟⎟⎠ ,
ρ →
⎛
⎜⎜⎝
1 0
0 1
−1 0
0 −1
⎞
⎟⎟⎠ , ν →
⎛
⎜⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎟⎠ .
(34; 34) G = 〈σ ,τ ,λ: σ 4 = τ 4 = λ2 = 1, σ τ = σ , σλ = σ−1, τλ = τ−1〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 1
−√−1 0
0
√−1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
√−1 0
0 −√−1
.5 1 0
0 1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎟⎠ .
(35; 35) G = 〈σ ,τ ,λ: σ 4 = τ 4 = λ4 = 1, σ 2 = λ2, σ τ = σ , σλ = σ−1, τλ = τ−1〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 1
−√−1 0
0
√−1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
√−1 0
0 −√−1
1 0
0 1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
0 1
1 0
0 −1
1 0
⎞
⎟⎟⎠ .
(36; 28) G = 〈σ ,τ ,λ,ρ: σ 4 = τ 2 = λ2 = ρ2 = 1, σ τ = σλ = σ , σρ = σ−1, τλ = τ , τρ = τλ, λρ = λ〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 1 √−1 0
0 −√−1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
1 0
0 −1
1 0
0 1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
−1 0
0 −1
1 0
0 1
⎞
⎟⎟⎠ ,
ρ →
⎛
⎜⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎟⎠ .
(37; 29) G = 〈σ ,τ ,λ,ρ: σ 4 = τ 2 = λ2 = ρ4 = 1, σ 2 = ρ2, σ τ = σλ = σ , σρ = σ−1, τλ = τ , τρ = τλ,
λρ = λ〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 1 √−1 0√
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
1 0
0 −1
1 0
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
−1 0
0 −1
1 0
⎞
⎟⎟⎠ ,0 − −1 0 1 0 1
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⎛
⎜⎜⎝
0 1
1 0
0 −1
1 0
⎞
⎟⎟⎠ .
(38; 30) G = 〈σ ,τ ,λ,ρ: σ 4 = τ 2 = λ2 = ρ2 = 1, σ τ = σλ = σ , σρ = σλ, τλ = τ , τρ = σ 2τ , λρ = λ〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 −1 √−1 0
0
√−1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
1 0
0 1
1 0
0 −1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
−1 0
0 −1
1 0
0 1
⎞
⎟⎟⎠ ,
ρ →
⎛
⎜⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎟⎠ .
(39; 31) G = 〈σ ,τ ,λ: σ 4 = τ 4 = λ2 = 1, σ τ = σ , σλ = στ 2, τλ = σ 2τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 −1 √−1 0
0
√−1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
√−1 0
0
√−1
1 0
0 −1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎟⎠ .
(40; 32) G = 〈σ ,τ ,λ: σ 4 = τ 4 = λ4 = 1, σ 2 = λ2, σ τ = σ , σλ = στ 2, τλ = σ 2τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 −1 √−1 0
0
√−1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
√−1 0
0
√−1
1 0
0 −1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
0 1
1 0
0 −1
1 0
⎞
⎟⎟⎠ .
(41; 33) G = 〈σ ,τ ,λ: σ 4 = τ 4 = λ2 = 1, σ τ = σ , σλ = σ−1τ 2, τλ = σ 2τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 −1 √−1 0
0 −√−1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
√−1 0
0
√−1
1 0
0 −1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎟⎠ .
(42; 49) G = 〈σ ,τ ,λ,ρ,ν: σ 2 = τ 2 = λ2 = ρ2 = ν2 = 1, σ τ = σλ = σν = σ , σρ = σλ, τλ = τρ = τ ,
τ ν = τλ, λρ = λν = λ, ρν = ρ〉.
3030 H. Chu et al. / Journal of Algebra 320 (2008) 3022–3035A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 −1
1 0
0 −1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
1 0
0 1
−1 0
0 −1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
−1 0
0 −1
−1 0
0 −1
⎞
⎟⎟⎠ ,
ρ →
⎛
⎜⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎟⎠ , ν →
⎛
⎜⎜⎝
1 0
0 1
1 0
0 1
⎞
⎟⎟⎠ .
(43; 50) G = 〈σ ,τ ,λ,ρ: σ 2 = τ 4 = λ4 = ρ2 = 1, τ 2 = λ2, σ τ = σλ = σ , σρ = στ 2, τλ = τ−1, τρ =
τ , λρ = λ〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
1 0
0 1
−1 0
0 −1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
√−1 0
0 −√−1 √−1 0
0 −√−1
⎞
⎟⎟⎠ ,
λ →
⎛
⎜⎜⎝
0 −1
1 0
0 −1
1 0
⎞
⎟⎟⎠ , ρ →
⎛
⎜⎜⎝
1 0
0 1
1 0
0 1
⎞
⎟⎟⎠ .
(44; 43) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ2 = 1, σ τ = σ 3, σλ = σ 5, τλ = τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
ζ8 0
0 ζ 38
ζ 58 0
0 ζ 78
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
0 1
1 0
0 1
1 0
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
1 0
0 1
1 0
0 1
⎞
⎟⎟⎠ .
(45; 44) G = 〈σ ,τ ,λ: σ 8 = τ 4 = λ2 = 1, σ 4 = τ 2, σ τ = σ 3, σλ = σ 5, τλ = τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
ζ8 0
0 ζ 38
ζ 58 0
0 ζ 78
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
0 −1
1 0
0 −1
1 0
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
1 0
0 1
1 0
0 1
⎞
⎟⎟⎠ .
(46; 6) G = 〈σ ,τ ,λ,ρ: σ 2 = τ 2 = λ2 = ρ4 = 1, σ τ = σλ = σ , σρ = στλ, τλ = τ , τρ = τλ, λρ = λ〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
0 1
1 0
0 1
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
1 0
0 1
−1 0
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
−1 0
0 −1
−1 0
⎞
⎟⎟⎠ ,1 0 0 −1 0 −1
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⎛
⎜⎜⎝
1 0
0 −1
1 0
0 1
⎞
⎟⎟⎠ .
(47; 7) G = 〈σ ,τ ,λ: σ 8 = τ 2 = λ2 = 1, σ τ = σλ, σλ = σ 5, τλ = τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎝
0 0 0 −1
1 0 0 0
0 1 0 0
0 0 1 0
⎞
⎟⎠ , τ →
⎛
⎜⎜⎝
1 0
0 1
−1 0
0 −1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
1 0
0 −1
1 0
0 −1
⎞
⎟⎟⎠ .
(48; 8) G = 〈σ ,τ ,λ: σ 8 = τ 4 = λ2 = 1, σ 4 = τ 2, σ τ = σλ, σλ = σ 5, τλ = τ 〉.
A faithful representation of G is given by
σ →
⎛
⎜⎜⎝
0
√−1
1 0
0 −√−1
1 0
⎞
⎟⎟⎠ , τ →
⎛
⎜⎜⎝
−1 0
0 −1
1 0
0 1
⎞
⎟⎟⎠ , λ →
⎛
⎜⎜⎝
1 0
0 −1
1 0
0 −1
⎞
⎟⎟⎠ .
(49; 18) G = 〈σ ,τ : σ 16 = τ 2 = 1, σ τ = σ−1〉.
G is a metacyclic group.
(50; 19) G = 〈σ ,τ : σ 16 = τ 2 = 1, σ τ = σ 7〉.
G is a metacyclic group.
(51; 20) G = 〈σ ,τ : σ 16 = τ 4 = 1, σ 8 = τ 2, σ τ = σ−1〉.
G is a metacyclic group.
Remark. It is not diﬃcult to ﬁnd all inequivalent irreducible representations of G by taking induced
representations from some linear representations of subgroups of G . In fact, if G is a group of order
32 with exponent e, and K is a ﬁeld containing a primitive eth root of unity, all irreducible represen-
tations of G are monomial representations and of degrees 1, 2 or 4 [Se, pp. 53 and 66].
4. Proof of Theorem 1.5
In this section we will prove Theorem 1.5.
(A) If char K = 2, by Theorem 2.1 we ﬁnd that K (G) is rational over K . Hence we will assume,
from now on, that char K = 2 and K contains a primitive eth root of unity where e is the exponent
of the group G .
(B) If G is abelian, apply Theorem 1.1. We ﬁnd that K (G) is rational over K . If G is the group
(8; 46), (9; 47), (10; 48), (11; 22), (12; 23), (13; 37), (14; 25), (15; 26), (23; 39), (24; 40) or (25; 41) in
the list of Section 3, then G  G1 × G2 where G1 and G2 are proper subgroups of G . By Theorem 1.4,
both K (G1) and K (G2) are rational. Hence K (G) is rational by Theorem 2.6.
If G is the group (19; 4), (21; 12), (22; 17), (29; 14), (30, 13), (32; 15), (49; 18), (50; 19) or (51; 20)
in the list of Section 3, then G is metacyclic. Apply Theorem 2.5. It follows that K (G) is rational.
For the remaining groups, G has a faithful representation G → GL(V ) which is either irreducible
or is the direct sum of inequivalent irreducible representations. Hence V can be embedded into the
regular representation space W =⊕g∈G K · xg . We may apply Theorem 2.2 by taking L = K (V ) and
L(x1, . . . , xn) = K (W ) where n = dimW − dim V . Since K (G) = K (W )G , it follows that, if K (V )G is
rational, then K (G) is rational also. This trick will be applied repeatedly in the sequel, in particular,
in Part (F) Cases 2, 5 and 6.
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provided in Section 3.
(C) If G is the group (17; 38), (26; 42) or (31; 11) in the list of Section 3, then K (x, y)G is rational
by Theorem 2.4. (Note that x, y denote a basis of the 2-dimensional representation space.)
(D) If G is the group (16; 24), (20; 5), (27; 9), (28; 10), (33; 27), (34; 34), (35; 35), (36; 28), (37; 29),
(38; 30), (39; 31), (40; 32) or (41; 33), then G has a faithful representation G → GL(V ) which is a
direct sum of two inequivalent 2-dimensional irreducible representations. Apply Lemma 2.9. We ﬁnd
that K (V )G is rational over K .
(E) The group G deﬁned in (18; 2) acts on K (x1, x2, x3, x4, x5, x6) by
σ : x1 →
√−1x1, x2 → −
√−1x2, x3 → x3, x4 → −x4, x5 → x5, x6 → −x6,
τ : x1 → −x1, x2 → −x2, x3 → −x3, x4 → −x4, x5 → −x5, x6 → −x6,
λ: x1 → x2, x2 → −x1, x3 → x4, x4 → −x3, x5 → x6, x6 → x5.
Deﬁne y1 = x2/x1, y2 = x4/x3, y3 = x6/x5. By Theorem 2.2 it suﬃces to prove that K (y1, y2, y3)G
is rational over K . Note that
σ : y1 → −y1, y2 → −y2, y3 → −y3,
τ : y1 → y1, y2 → y2, y3 → y3,
λ: y1 → −y−11 , y2 → −y−12 , y3 → y−13 .
Thus K (y1, y2, y3)〈σ ,τ 〉 = K (z1, z2, z3) where z1 = y21, z2 = y1 y2, z3 = y2 y3. Note that λ : z1 → z−11 ,
z2 → z−12 , z3 → −z−13 .
Deﬁne u1 = (1 + z1)(1 − z1)−1, u2 = (1 + z2)(1 − z2)−1. Then K (z1, z2, z3) = K (z3,u1,u2) and
λ(u1) = −u1, λ(u2) = −u2. Apply Theorem 2.2 to K (z3) (u1,u2). It remains to show that K (z3)〈λ〉 is
rational. But it is obvious that K (z3)〈λ〉 is rational by Lüroth’s Theorem.
(F) If G is the group (42; 49), (43; 50), (44; 43), (45; 44), (46; 6), (47; 7), or (48; 8), then G has
a faithful irreducible 4-dimensional representation. We will prove the rationality case by case. Note
that the proof of Case 6 is different from other cases.
Case 1. The group (42; 49).
The action of G on K (x1, x2, x3, x4) is given as
σ : x1 → x1, x2 → −x2, x3 → x3, x4 → −x4,
τ : x1 → x1, x2 → x2, x3 → −x3, x4 → −x4,
λ: x1 → −x1, x2 → −x2, x3 → −x3, x4 → −x4,
ρ: x1 → x2, x2 → x1, x3 → x4, x4 → x3,
ν: x1 → x3, x2 → x4, x3 → x1, x4 → x2.
Deﬁne x = x2/x1, y = x3/x2, z = x4/x3, t = x21. Then K (x1, x2, x3, x4)〈λ〉 = K (x, y, z, t). Apply The-
orem 2.3 to K (x, y, z)(t)〈σ ,τ ,ρ,ν〉 . It suﬃces to show that K (x, y, z)〈σ ,τ ,ρ,ν〉 is rational. Note that
τ : x → x, y → −y, z → z.
Deﬁne u = y2. Then K (x, y, z)〈τ 〉 = K (x, z,u). Note that σ : x → −x, z → −z, u → u.
Deﬁne y1 = x2, y2 = xz, y3 = u. Then K (x, z,u)〈σ 〉 = K (y1, y2, y3).
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on K (y1, y2, y3) by purely monomial actions. Apply Theorem 2.8. We ﬁnd that K (y1, y2, y3)〈ρ,ν〉 is
rational over K .
Case 2. The group (46; 6). The action of G on K (x1, x2, x3, x4) is given as
σ : x1 → x2, x2 → x1, x3 → x4, x4 → x3,
τ : x1 → x1, x2 → x2, x3 → −x3, x4 → −x4,
λ: x1 → −x1, x2 → −x2, x3 → −x3, x4 → −x4,
ρ: x1 → x3, x2 → x4, x3 → x1, x4 → −x2.
Note that the actions of this case look very similar to those in Case 1. Thus we will use the same
change of variables until the ﬁnal step.
Deﬁne x, y, z, t , u by the same formulae as in Case 1. Consider K (x1, x2, x3, x4)〈λ〉 and K (x, y, z)〈τ 〉 .
We get K (x, y, z)〈τ 〉 = K (x, z,u) and the actions of σ and ρ on K (x, z,u) are given by σ : x → 1/x,
z → 1/z, u → x2z2u; ρ : x → z, z → −x, u → 1/(x2z2u).
Recall that ρ is of order 4 and thus
√−1 ∈ K by assumption. Deﬁne v = (√−1 + xzu)/(√−1 −
xzu). Then σ : v → v , ρ : v → −v . Hence we may apply Theorem 2.2 and it suﬃces to consider the
rationality of K (x, z)〈σ ,ρ〉 . Apply Theorem 2.7. Done.
Case 3. The group (43; 50).
The action of G on K (x1, x2, x3, x4) is given as
σ : x1 → x1, x2 → x2, x3 → −x3, x4 → −x4,
τ : x1 →
√−1x1, x2 → −
√−1x2, x3 →
√−1x3, x4 → −
√−1x4,
λ: x1 → x2, x2 → −x1, x3 → x4, x4 → −x3,
ρ: x1 → x3, x2 → x4, x3 → x1, x4 → x2.
Deﬁne x = x2/x1, y = x3/x2, z = x4/x3, t = x21. Then K (x1, x2, x3, x4)〈τ
2〉 = K (x, y, z, t). If
K (x, y, z)〈σ ,τ ,λ,ρ〉 is rational, then so is K (x1, x2, x3, x4)〈σ ,τ ,λ,ρ〉 by Theorem 2.3.
Note that τ : x → −x, y → −y, z → −z. Deﬁne u = xy, v = yz, w = y2. Then K (x, y, z)〈τ 〉 =
K (u, v,w).
Since σ : u → −u, v → −v , w → w , we ﬁnd that K (u, v,w)〈σ 〉 = K (y1, y2, y3) where y1 = u2,
y2 = uv , y3 = w .
Since λ and ρ act on K (y1, y2, y3) by purely monomial actions, K (y1, y2, y3)〈λ,ρ〉 is rational by
Theorem 2.8.
Case 4. The groups (44; 43) and (45; 44). We will give the proof for (45; 44) as a sample. Write
ζ = ζ8. The action of G on K (x1, x2, x3, x4) is given as
σ : x1 → ζ x1, x2 → ζ 3x2, x3 → ζ 5x3, x4 → ζ 7x4,
τ : x1 → x2, x2 → −x1, x3 → x4, x4 → −x3,
λ: x1 → x3, x2 → x4, x3 → x1, x4 → x2.
Deﬁne x = x2/x1, y = x3/x2, z = x4/x3, t = x21. Then K (x1, x2, x3, x4)〈σ
4〉 = K (x, y, z, t) and, as in Case
1, it suﬃces to show that K (x, y, z)〈σ ,τ ,λ〉 is rational over K .
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K (x, y, z)〈σ 〉 = K (u, v,w).
Since τ and λ act on K (u, v,w) by purely monomial actions, K (u, v,w)〈τ ,λ〉 is rational by Theo-
rem 2.8.
Case 5. The group (48; 8).
The action of G on K (x1, x2, x3, x4) is given as
σ : x1 → x2, x2 →
√−1x1, x3 → x4, x4 → −
√−1x3,
τ : x1 → x3, x2 → x4, x3 → −x1, x4 → −x2,
λ: x1 → x1, x2 → −x2, x3 → x3, x4 → −x4.
Deﬁne x = x2/x1, y = x3/x2, z = x4/x3, t = x21. First consider K (x1, x2, x3, x4)〈σ
4〉 . As in Case 1, it
suﬃces to show that K (x, y, z)〈σ ,τ ,λ〉 is rational.
Note that λ : x → −x, y → −y, z → −z. Hence K (x, y, z)〈λ〉 = K (xy, y2, xz).
Deﬁne u = xz, v = xy, w = xy2z. Then K (xy, y2, xz) = K (u, v,w) and
σ : u → 1/u, v → w/v, w → −w,
τ : u → u, v → −1/v, w → 1/w.
Deﬁne X = (1 + u)(1 − u)−1. Then K (u, v,w) = K (v,w, X) and σ(X) = −X , τ (X) = X . Apply
Theorem 2.2. It suﬃces to show that K (v,w)〈σ ,τ 〉 is rational. By Theorem 2.7, it is indeed the case.
Case 6. The group (47; 7).
The action of G on K (x1, x2, x3, x4) is given as
σ : x1 → x2 → x3 → x4 → −x1,
τ : x1 → x1, x2 → x2, x3 → −x3, x4 → −x4,
λ: x1 → x1, x2 → −x2, x3 → x3, x4 → −x4.
Deﬁne x = x2/x1, y = x3/x2, z = x4/x3, t = x21. Then K (x1, x2, x3, x4)〈σ
4〉 = K (x, y, z, t) and, as in
Case 1, it suﬃces to show that K (x, y, z)〈σ ,τ ,λ〉 is rational over K .
Note that λ : x → −x, y → −y, z → −z. Thus K (x, y, z)〈λ〉 = K (x2, xy, xz).
Since τ : x2 → x2, xy → −xy, xz → xz, we ﬁnd that K (x, y, z)〈λ,τ 〉 = K (x2, x2 y2, xz).
Deﬁne X = x2, Y = y2, Z = xz. Then K (x2, x2 y2, xz) = K (X, Y , Z) and
σ : X → Y → Z2/X → 1/(Z2Y ) → X, Z → −1/Z .
Thus σ 2(Z) = Z , σ 2(X) = Z2/X , σ 2(Y ) = 1/(Z2Y ). Deﬁne u and v by
u = X −
a
X
XY − abXY
, v = Y −
b
Y
XY − abXY
where a = Z2, b = 1/Z2.
H. Chu et al. / Journal of Algebra 320 (2008) 3022–3035 3035By [CHK, Theorem 2.3], we ﬁnd that K (X, Y , Z)〈σ 2〉 = K (u, v, Z). Moreover, we have
σ : Z → −1/Z ,
u → Y −
b
Y
aY
X − bXY
, v → −(X −
a
X )
aY
X − bXY
.
Deﬁne w = u/v . Then σ(w) = −1/w .
It is laborious, but not diﬃcult, to verify that
−(X − aX )
aY
X − bXY
= u
bu2 − av2 .
See [CHK, p. 156, Formula (3)] for a proof of the above formula. It follows that σ(u) =
−u/[w(bu2 − av2)] = w/[u(a − bw2)] = A/u where A = w/(a − bw2) = wZ2/(Z4 − w2).
Deﬁne U = u(Z2 − w)/Z . Then σ(U ) = −1/U .
Note that K (u, v, Z) = K (w,u, Z) = K (w,U , Z) and σ(w) = −1/w , σ(U ) = −1/U , σ(Z) = −1/Z .
Deﬁne p = (U + w)(U − w)−1, q = (Z + w)(Z − w)−1. Then K (w,U , Z) = K (w, p,q) and σ(p) =
−p, σ(q) = −q. Apply Theorem 2.2. We ﬁnd that K (w, p,q) = K (w, p′,q′) with σ(p′) = p′ , σ(q′) = q′ .
Hence K (w, p,q)〈σ 〉 = K (w)〈σ 〉(p′,q′) = K (w − (1/w), p′,q′) is rational over K . Done.
Remark. If G is a non-abelian group of order 32 with exponent e, K is a ﬁeld containing a primitive
eth root of unity, and G → GL(V ) is a linear representation over K , it can be shown that K (V )G is
rational by using the method of this section. In fact, we may assume that G is faithful on V . Decom-
pose V into a direct sum of irreducible representations. If some of these irreducible representations
is 4-dimensional and faithful, apply similar techniques of (F) and the techniques of [Ka2] (in case G
is metacyclic). Otherwise, all these irreducible representations are 1-dimensional or 2-dimensional; in
this case, apply the methods in (D) and (E). The details are left to the reader.
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